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Nonequilibrium behaviors of positional order are discussed based on diffusion processes in particle
systems. With the cumulant expansion method up to the second order, we obtain a relation between
the positional order parameter Ψ and the mean square displacement M to be Ψ ∼ exp(−K2M/2d)
with a reciprocal vector K and the dimension of the system d. On the basis of the relation, the
behavior of positional order is predicted to be Ψ ∼ exp(−K2Dt) when the system involves normal
diffusion with a diffusion constant D. We also find that a diffusion process with swapping positions
of particles contributes to higher orders of the cumulants. The swapping diffusion allows particle to
diffuse without destroying the positional order while the normal diffusion destroys it.
PACS numbers: 66.30.Pa, 64.70.Dv, 05.20.-y
The melting behavior of the hard-disk system was re-
ported first by Alder et al. [1], and they showed that
only repulsive interactions can involve the melting tran-
sition. This melting transition also confirmed in three-
dimensional systems and is now often referred to Alder
transition. However, Mermin ruled out the positional
long range order in two-dimensional particle systems [2].
Therefore, the melting processes of two-dimensional sys-
tems are different from that of three-dimensional sys-
tems. Halperin, Nelson, and Young proposed the two-
dimensional melting theory [3] based on Kosterlitz Thou-
less transition [4], and Chui proposed another theory
predicting the first order transition based on the grain
boundaries excitation [5]. While many researchers have
been studying this problem [6, 7, 8, 9, 10, 11], the na-
ture of two-dimensional melting has been still a matter
of debate [12]. So far, most of numerical works have fo-
cused on the equilibrium state of the system mainly using
Monte Carlo methods. Recently, the nonequilibrium be-
haviors of the bond-orientational order parameters has
been studied to obtain the equilibrium properties of the
hard-disk systems [13]. These studies are based on a new
strategy for the simulation, called Non-equilibrium relax-
ation (NER) method [14]. Zahn and Maret studied time
dependent parameters in two-dimensional colloidal parti-
cle systems [15]. They pointed out that static properties
are not appropriate measure to distinguish between the
solid and the fluid, since the mean square displacement
diverges very slowly. Therefore, it is necessarily to study
the dynamic behaviors of order parameters in the parti-
cle systems. In this letter, we study the dynamics of the
positional order parameter based on diffusion processes.
We also treat two- and three-dimensional systems at the
same time, since many studies have focused only on the
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two-dimensional melting and, to our knowledge, there are
less studies about the three-dimensional positional order.
Consider a d-dimensional system with N particles. A
positional order parameter Ψ of the system is defined to
be
Ψ =
1
N
N∑
j
exp(−iK · rj), (1)
with the position of the particles ri and one of the recip-
rocal vectors K of the system. Let Ri be the equilibrium
position of the particle i and ui the deviations from it,
namely, ri = Ri + ui. The positional parameter is re-
duced to be,
Ψ = 〈exp (−iK · uj)〉 , (2)
where 〈· · ·〉 means the average for all particles. Assuming
that the all components of ui have the Gaussian distri-
bution, Eq. (2) is reduced to be [17],
Ψ = exp (−1/2
〈
(K · ui)
2
〉
). (3)
Assuming that ui is isotropic, we have,
〈(K · ui
)
2
〉
= K2
〈
u
2
i
〉
/d (K ≡ |K|). (4)
From Eqs. (3) and (4), we obtain the relation between
the positional order and the diffusion to be, positional
order parameter to be,
Ψ = exp
(
−
K2
〈
u
2
i
〉
2d
)
, (5)
or equivalently,
〈
u
2
i
〉
= −
2d
K2
lnΨ. (6)
Note that, the above argument is the cumulant expan-
sion. The positional order parameter is the characteristic
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FIG. 1: Time evolution of the mean square displacement
M ≡
〈
u2i
〉
in (a) two- and (b) three-dimensional systems. The
decimal logarithm are taken for the both axes. The dashed
lines denote the diffusion in the low density limit [16]. Number
of particles N = 23288 for two- and N = 36000 for three-
dimensional system with the periodic boundary condition.
function of displacements. Assuming the distribution of
the displacement to be the Gaussian distribution, we can
express the positional order parameter only with the sec-
ond order cumulant, which is diffusion.
When a system involves the normal diffusion, the
asynptotic behavior of the mean square displacement is
expected to be, 〈
u
2
i
〉
∼ 2dDt, (7)
with a diffusion constant D. From Eqs. (5) and (7), the
asymptotic behavior of the positional order to be,
Ψ(t) ∼ exp(−K2Dt), (8)
regardless of the dimension. It implies that when the
system involves the normal diffusion, the positional or-
der should decay exponentially with the decay time D−1.
This limits the diffusion behavior in solid phases. In the
solid phase of the system with d ≥ 3, the parameter Ψ
has non-zero value in the equilibrium state. Therefore,
the mean displacement cannot become larger than some
constant value. The behavior in two-dimensional solid
is different from those in d ≥ 3. On the basis of the
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FIG. 2: Time evolution of the positional order parameter
and calculated values from the diffusion for (a) two- and (b)
three-dimensional systems. The solid lines are the positional
order parameters and the symbols are the calculated values
using Eq. (5). It shows good agreement in the region where
the positional order parameters are not so small.
Halperin-Nelson-Young theory [3], the positional order
parameter in two-dimensional solid behaves as,
Ψ(t) ∼ t−λ. (9)
The mean square displacement in two-dimensional solid
behaves logarithmically as,
〈
u
2
i
〉
=
4λ
K2z
ln t. (10)
Therefore, two-dimensional solid cannot involve the nor-
mal diffusion process in the usual sense.
The above arguments are based on the cumulant ex-
pansion up to the second order. In order to check the
validity of our arguments, we perform numerical simula-
tions. For the simplicity, we treat the hard-particle sys-
tems. There are two kinds of methods to study time evo-
lution of a particle system, a molecular dynamics (MD)
method and a Monte Carlo (MC) method. The MD simu-
lation is performed by integrating the classical equations
of motion. In the hard particle system, the time evolution
is performed by proceeding collision events. This algo-
rithm is called the Event-Driven method, which is very
3efficient to treat the hard-particle system [18, 19, 20].
When the time evolution of the system is performed by
MD, however, the positional order has oscillations be-
cause of the momentum conservation. This oscillation
prevents us from studying the order parameter, there-
fore, MC simulations are performed in this study.
Each system contains N particles with the radius σ.
The density is normalized to be ρ = 1 when the system is
in the perfect square/cubic lattice, that is, ρ ≡ (2d/L)dN
with the dimension of the system d and the linear size
of the system L. Throughout this study, the number of
particles N = 23288 for two- and N = 32000 for three-
dimensional systems and up to 512 independent samples
are averaged for each density. The step length is set to
be σs = 0.2σ with the radius σ [21]. At the beginning
of each run, the particles are set up in the perfect or-
dered configuration, namely, the hexagonal lattice in the
two-dimensional and the face centered cubic lattice. The
periodic boundary conditions are taken along the all axes.
The densities from ρ = 0.7 to 1.0 are studied.
The time evolutions of the mean square displacements
M are shown in Fig. 1. We can see the normal diffu-
sions starting after some initial relaxations, for example,
the data of three-dimensional system with ρ = 0.9 has
a bend at t ∼ 103. It implies that the normal diffusion
started after the positional order are almost destroyed.
The time evolutions of the positional order parameters
are shown in Fig. 2. While the positional order is well
approximated by the second order cumulant in the re-
gion where the positional order parameter is not so small,
there are differences especially in the low densities.
These differences are caused by the higher order cu-
mulants which are ignored in Eq. (3). The contribution
from the higher order cumulants can be explained by a
swapping diffusion process. In particle systems, there
are two kinds of ways to diffuse; by normal diffusion and
the swapping. While the normal diffusion destroys the
positional order parameters as described in Eq. (5), the
swapping does not. In Fig. 3, the diffusion behavior in
two-dimensional solid is shown. The density is ρ = 0.92
which is high enough than the melting points ρm, i.e.,
ρm ∼ 0.902 reported by Zollweg and Chester [6] and
ρm < 0.905 by Weber et al. [8], and ρm ∼ 0.893 by
Watanabe et al. [13]. The diffusion shows logarithmic
behavior up to t ∼ 104 as Mermin predicted [2]. How-
ever, it varies from the logarithmic behavior because of
the swapping diffusion around at t ∼ 105. The distri-
bution of the displacement ui at this time is shown in
Fig. 4. The points around at the center correspond to
the results of the normal diffusion and the six groups
around the center group correspond to that of the swap-
ping diffusion.
In order to treat the effect of the swapping, we consider
the system with two types of diffusion, the continuous
diffusion and the swapping diffusion with a swapping rate
Er on the lattice with a lattice constant a. The rate Er
denotes the probability to jump to the nearest position at
equilibrium per unit time. The diffusion with swapping
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FIG. 3: (a) Mean square displacement M of the two-
dimensional solid. The number of particles N = 23288
and the density ρ = 0.92. The solid line is C1 ln t with
C1 = 1.6 · 10
−2. Error bars are smaller than the size of the
symbols. It shows that the crossover from the normal diffu-
sion (logarithmic) to the swapping diffusion (power-law).
(b) The time evolution of the value ln(Ψ/Ψ′), where Ψ is the
positional order parameter with the definition in Eq. (1) and
Ψ′ is the value calculated from diffusion using Eq. (5). The
decimal logarithms are taken for the both axes. The solid and
dashed lines are drawn for for the guides to the eyes; The solid
line is C2t
1.75 and the dashed line is C3t with C2 = 4.0 ·10
−10
and C3 = 3.5 · 10
−7. It shows that the exchanging rate in-
creases as Er ∼ t
0.75.
〈
u
2
i
〉
′
is expressed to be,
〈
u
2
i
〉′
=
〈
u
2
i
〉
+ da2Ert, (11)
with the diffusion without swapping
〈
u
2
i
〉
[22]. In the
following, the positional order parameter calculated from
Eq. (5) is denoted by Ψ′ in order to distinguish from
the original definition in Eq. (1). Using Er, Ψ
′ can be
expressed to be,
Ψ′ = exp
(
−
K2
〈
u
2
i
〉
′
2d
)
(12)
= Ψ exp (−2pi2Ert).
Therefore, Ψ′ is always smaller than Ψ, since Er > 0.
The contribution of the higher order cumulants is ex-
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FIG. 4: Distribution of displacements ui at t = 5 · 10
5 of the
two-dimensional system. A small system with N = 2900 is
shown for visibility. The density of the system is ρ = 0.92.
The lattice constant is a = 2 and the radius of particles is
σ = 0.89 in this scale. The center (0, 0) corresponds to the
initial position Ri. The points around at the center corre-
spond to the normal diffusion and the six small groups around
the center group correspond to the swapping diffusion.
pressed to be,
ln (Ψ/Ψ′) = 2pi2Ert. (13)
The time evolution of the value ln (Ψ/Ψ′) is shown in
Fig. 3(b). It increases as ∼ t1.75, which is faster than
linear increase. If the exchanging rate Er is constant, the
value should increase as ∼ t. Therefore, the exchanging
rate Er increases. It implies that the destruction of the
positional order enhances the swapping of the particles.
To summarize, we study the dynamics of the positional
order in the particle systems based on the diffusion pro-
cesses. We discuss the relation between the positional
order parameter Ψ and the mean square displacement
M with the cumulant expansion. We find that there are
two kinds of diffusion processes in particle systems, one
is the normal diffusion and another is the swapping diffu-
sion which allows particles to diffuse without destroying
the positional order. These diffusion processes can be un-
derstand as cumulants of the displacements; the normal
diffusion is the second order cumulant, and the swapping
diffusion contributes to the higher orders. This swapping
diffusion process will play important roles in systems with
two or more kinds of particles in high density region. The
presented arguments are very general, and applicable to
other systems with general pair potentials. Studying dy-
namic aspects of Alder transitions based on the cumulant
expansion should be a further issue.
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